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Abstract

The transient elastodynamic response of an orthotropic material due to concentrated shear impact loads on the faces

of a semi-in®nite crack is examined, and the solution for the stress intensity factor history around the crack tip is found.

Laplace and Fourier transforms together along with the Wiener±Hopf technique are employed to solve the equations of

motion. Even though the problem has characteristic length, it has been shown in previous works that the Wiener±Hopf

technique can be applied. The asymptotic expression of stress near the crack tip is analyzed, which leads to the dynamic

mode II stress intensity factor. The results are presented for orthotropic materials as well as for an isotropic ma-

terial. Ó 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The increasing use of composites in many engineering applications demands a fundamental under-
standing of the response of cracked orthotropic bodies to impact loading. By using the integral transform
methods, the dynamic behavior for a ®nite crack under concentrated loads (Rubio-Gonzalez and Mason,
1998a,b) as well as for a semi-in®nite crack under concentrated or uniform normal loads (Rubio-Gonzalez
and Mason, 1998c,d) on its faces in orthotropic materials have been analyzed by Rubio-Gonzalez and
Mason. In the former, the ®nite crack problem is reduced to a Fredholm integral equation in the Laplace
transform domain which is solved numerically, and in the latter for the Wiener±Hopf technique was used to
®nd the stress ahead of the crack tip and the displacement on the crack faces. The asymptotic expression for
the stress near the crack tip leads to the stress intensity factor K�t�.

Many solutions for various loadings of cracks in orthotropic materials have been found by applying
transforms to the displacement formulation of the equations of motion. Where previous researchers (Kassir
and Bandyopadhyay, 1983) following this approach had solved the resulting dual integral equations using
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the method of Sneddon (1946, 1952), Rubio-Gonzalez and Mason (1998c) solved the same equations by
converting the dual integral equations to a Wiener±Hopf equation. Solution of that equation requires only
a straight forward application of the method of Noble 1958. In this paper, the problem of concentrated
shear impact loads on the faces of a semi-in®nite crack in orthotropic materials is analyzed using the same
method. While it has been thought that the Wiener±Hopf technique could not be applied to problems such
as this (Freund, 1974, 1990), this approach has recently been shown to be valid in such cases (Kuo and
Chen, 1992). By combining Laplace and Fourier transforms with the Wiener±Hopf technique, a solution
for the stress ahead of the crack tip is sought. The asymptotic expression for the stress near the crack tip
leads to the mode II stress intensity factor, KII�t�.

2. Description of the problem

The plane problem of an in®nite orthotropic body containing a semi-in®nite crack is considered in Fig. 1.
Let Ei; lij and mij �i; j � 1; 2; 3� be the engineering elastic constants of the material wherein the indices (1, 2
and 3), respectively, stand for the directions (x, y, z) of a Cartesian coordinate system chosen to coincide
with the orthotropic axes of a material. The crack faces are suddenly loaded by a pair of concentrated shear
forces with a magnitude (q) located at a distance (a) away from the crack tip, as shown in Fig. 1.

2.1. Equations of motion

The following problem is limited to a two-dimensional case with the inertial e�ect in the x±y plane only.
By setting all the derivatives with respect to z-direction to be zero, it is readily shown that the displacement
equations of motion (Nayfeh, 1995) reduce to
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where u and v are the x and y components of the displacement vector, respectively. In the orthotropic solids,
cs �

������������
l12=q

p
represents the velocity of the shear wave propagating along the principle material axes on the

xy-plane and q is the mass density. Here also, we introduce the velocity cd � ������
c11

p
cs, which will appear later,

representing the dilational wave speed along the x-axis. The non-dimensional parameters c11, c12 and c22 are
related to the elastic constants by the following relations. For a generalized plane stress problem,

Fig. 1. Schematic of the semi-in®nite crack under concentrated shear impact loads.
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For a plane strain problem,
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Finally, the stresses are related to the displacements by the equations,
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2.2. Boundary conditions and initial conditions

For the case shown in Fig. 1, the pair of spatially concentrated shear loads is applied suddenly on the
crack faces. Exploiting symmetry and limiting ourselves to the upper half-plane, y > 0, the corresponding
boundary conditions become

ry�x; 0; t� � 0; ÿ1 < x < �1;
sxy�x; 0; t� � ÿqH�t�d�x� a�; ÿ1 < x < 0;

u�x; 0; t� � 0; 0 < x < �1;
�5�

where q is the force per unit length in the z-direction of the opposed line loads acting on the crack faces and
H(t) is the unit step function. The Dirac delta function, d�x� a�, has the dimension of lengthÿ1. In addition,
the displacement at in®nity is zero, and the body is stress-free and at rest everywhere for t6 0.

3. Integral transforms

3.1. Laplace transform

In Eq. (1), the time variable may be replaced by the application of Laplace transform
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where Br denotes the Bromwich path of integration, which is a line parallel to the imaginary axis in the s-
plane. Thus, using the Laplace transform representation, the displacements have the form,
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2pi
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2pi
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Applying the relations (7) to Eq. (1) and assuming zero initial condition, the transformed domain equations
become
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Applying the relation (7) to Eq. (4), the transformed domain relations between stresses and displacements
become
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Finally, the application of the Laplace transform to the boundary conditions (5) gives

r�y�x; 0; s� � 0; ÿ1 < x < �1;
s�xy�x; 0; s� � ÿq=sd�x� a�; ÿ1 < x < 0;

u��x; 0; s� � 0; 0 < x < �1:
�10�

3.2. Fourier transform

To obtain a solution for di�erential Eq. (8) subject to condition (10), the Fourier transform is applied,

~f �x� �
Z 1

ÿ1
f �x�eixx dx; f �x� � 1

2p

Z 1

ÿ1
~f �x�eÿixx dx: �11�

It is noted that the boundary conditions (10) are explicitly de®ned only on half of the range of x.
Consequently, the Fourier transform cannot be applied to these boundary conditions. To remedy this
situation, the boundary conditions must be extended to apply on the full range of x. Two-unknown
functions u�ÿ�x; s� and s���x; s� are introduced. The function u�ÿ�x; s� is de®ned to be the x-direction dis-
placement of the crack face, y� 0, for ÿ1 < x < 0 and 0 < t < �1, and to be identically zero for
0 < x < �1 and 0 < t < �1. Likewise, the function s���x; s� is de®ned to be the shear stress in the x-
direction on the plane, y� 0, for 0 < x < �1 and 0 < t < �1, and to be identically zero for ÿ1 < x < 0
and 0 < t < �1. With these de®nitions, the boundary conditions (10) can be rewritten as
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r�y�x; 0; s� � 0; for ÿ1 < x < �1;
s�xy�x; 0; s� � ÿq=sd�x� a� � s���x; s�; for ÿ1 < x < �1;
u��x; 0; s� � u�ÿ�x; s�; for ÿ1 < x < �1:

�12�

Thus, the Laplace transformed displacements have the form

u��x; y; s� � 1
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�13�

Substituting these transforms into Eq. (8), the functions ~u� and ~v� are found to satisfy the ordinary dif-
ferential equations
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s

�
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s

�
~v� � 0: �14�

The solution of Eq. (14) under the condition of zero displacement at in®nity is

~u��x; y; s� � A1�x; s�eÿc1y � A2�x; s�eÿc2y ;

~v��x; y; s� � ÿ ia1

x
A1�x; s�eÿc1y ÿ ia2

x
A2�x; s�eÿc2y ;

�15�

where A1�x; s� and A2�x; s� are arbitrary functions, and ai�x; s� stands for the functions

ai�x; s� � c11x2 � s2=c2
s ÿ c2

i

�1� c12�ci
�i � 1; 2� �16�

with c2
1 and c2

2 being two roots of the quadratic equation,

c22c
4 � ��c2

12 � 2c12 ÿ c11c22�x2 ÿ �1� c22�s2=c2
s �c2 � �c11x

2 � s2=c2
s ��x2 � s2=c2

s � � 0: �17�

The branches of c1 and c2 are chosen in the appropriate Riemann sheets, and they are real and positive. It
has been shown by Willis (1973) and Poruchikov (1993) that such a restriction on c1 and c2 is possible for
the general anisotropic case as long as Refxg > 0. This fact is a consequence of the positive de®niteness of
the strain energy. From Eq. (17), it is readily found that the functions c1�x� and c2�x� are multiple valued
at x � �is=cs and x � �is=cd. Such points are called as branch points. That means, the functions c1 and c2

are analytic everywhere in the complex plane except at the branch points x��is=cs and x��is=cd, and
are single valued in the x-plane provided the branch cuts between x � �is=cs and x � �is=cd shown in
Fig. 2 (Freund, 1990).

Thus, the expressions for the displacements in the Laplace transform domain become
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v� � ÿi
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ÿixx

x
dx:

�18�

Substituting these displacements into the constitutive law (9), we obtain
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Substitution of the expression for r�y , the second of Eq. (19), into the boundary condition for r�y , the ®rst of
Eq. (12), yields

A2�x; s� � ÿbA1�x; s�;

b � c22a1c1 ÿ c12x2

c22a2c2 ÿ c12x2
� c22�c11x2 � s2=c2
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:
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Using this result in the expression for shear stress, the third of Eq. (19), and the expression for horizontal
displacement, the ®rst of Eq. (18), we obtain
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Applying the remaining boundary conditions yields

ÿ l12
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By Fourier transform inversion, these equations become

ÿl12��a1 � c1� ÿ b�a2 � c2��A1 � ÿq=seÿixa � R��x�; �1ÿ b�A1 � Uÿ�x�; �23�
where

Fig. 2. Branch cuts in the x-plane.
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R��x� �
Z 1
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s���x; s�eixx dx;
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Eliminating A1 from Eq. (23), we obtain a Wiener±Hopf equation,
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s
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where we have introduced the function
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After algebraic manipulation, it is found that function R�x; s� can be written as

R�x; s� � ÿ
����������������������
x2 � s2=c2

s

p
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s �g: �29�
From the physics of the problem, it is reasonable to assume that the functions s���x; s� and u�ÿ�x; s� are

exponentially bounded at in®nity, which ensures the existence of their Fourier transform (24). In particular,
it is shown by Noble (1958) that if s���x; s�

�� �� < M1ekÿx as x! �1 then R��x� is analytic in Re�x� � k > kÿ,
and if u�ÿ�x; s�

�� �� < M2ek�x as x! ÿ1 then Uÿ�x� is analytic in Re�x� � k < k�.
The function R�x; s� is analytic everywhere in the complex plane except at the branch cuts of the

functions ci between x � �is=cs and x � �is=cd; it is single valued in the cut x-plane as shown in Fig. 2. It
can be shown that only zeros of R�x; s� are of the form �is=cR, where cR is the Rayleigh wave speed. This
can be seen by substituting x � is=m in R�x; s�, letting R�x; s�� 0 and dividing by the non-zero factors, then
R�is=m; s� � 0 reduces to������

c22

c11

r
c22c11 ÿ c2

12

c22

�
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c2
s

� �������������
1ÿ m2
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s

s
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c2
s

������������������
1ÿ m2

c11c2
s

s
� 0; �30�

which is the Rayleigh wave function for orthotropic materials (Ting, 1996). The roots of this function are
m � �cR.

4. Wiener±Hopf technique

To solve the Wiener±Hopf equation (25), we use the Wiener±Hopf technique as follows. The function
L�x� is de®ned and factored as
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L�x� � L��x�Lÿ�x� � l12C
R�x; s�����������������������
x2 � s2=c2

s

p ; �31�

then the Wiener±Hopf equation becomes

Lÿ�x�Uÿ�x� � ÿq=seixa

L��x� �
R��x�
L��x� : �32�

If the function D�x� can be written and decomposed as

D�x� � ÿ q=seÿixa

L��x� � D��x� � Dÿ�x�; �33�

then the Wiener±Hopf equation (32), is further reduced to

D��x� � R��x�=L��x� � Lÿ�x�Uÿ�x� ÿ Dÿ�x� � W �x�: �34�
The ®rst expression for W �x� in Eq. (34) is analytic in the right-half plane, Re�x� > kÿ, and the second

expression is analytic in the left-half plane, Re�x� < k�. If kÿ > k�, the regions of analyticity overlap and
by invoking analytic continuation, it is concluded that W �x� is analytic and single valued in the whole x-
plane shown in Fig. 2. Furthermore, invoking the extended Louisville theorem, it can be shown (Noble,
1958) that if W �x� is bounded and entire and W �x� ! 0 as x!1, then W �x�� 0. Hence, we can solve
for the transform of stress ahead of the crack tip, R��x�, and displacement, Uÿ�x�, behind

R��x� � ÿD��x�L��x�; Uÿ�x� � Dÿ�x�
Lÿ�x� : �35�

Following this outline, the ®rst step is to factor L�x�, Eq. (31), by de®ning

F �x� � R�x; s�
x2 � s2=c2

R

: �36�

Note that by making x � is1 in Eq. (36), then F �x� is changed to a function only of 1,

F̂ �1� � R�is1; s�
ÿs212 � s2=c2

R

: �37�

According to Eq. (37), it is readily shown that the function F̂ �1� is regular (i.e. analytic and single valued)
in the cut 1-plane shown in Fig. 3, and F̂ �1� 6� 0 in the cut 1-plane by referring to Eq. (30). It can be shown
that F̂ �1� ! 1 as 1!1 (the constant C in Eq. (27) was chosen to make this possible). The only singu-
larities of F̂ �1� are the branch points shared with ci; �i � 1; 2�, i.e. 1 � �1=cs and 1 � �1=cd. It is well
known that factorization of a function is accomplished most directly for functions which approach unity as
1j j ! 1 and which have neither zeros nor poles in the ®nite plane. Indeed, F̂ �1� is an example of such a

function. Therefore, using CauchyÕs integral formula, it can be shown that (Freund, 1990)

F̂��1� � exp
1

2pi

Z
C�

log F̂ �n�
nÿ 1

dn

( )
; �38�

where Cÿ is the closed counter-clockwise contour enclosing the branch points �1=cd and � 1=cs, and also
C� is the closed counter-clockwise contour enclosing the branch points ÿ1=cd and ÿ 1=cs.

Using the fact that F̂ �1� � � F̂ 1� �, H�ÿg� � ÿH�g�, then

F̂��1� � exp

(
ÿ 1

p

Z 1=cs

1=cd

H�g� dg
g� 1

)
; �39�

where
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H�g� � tanÿ1 Im�F̂ �g��
Re�F̂ �g��

 !
:

By making 1 � x=is in Eq. (39), then F̂��1� is changed to F��x�.
Returning to the factorization of L�x�, we now have

L�x� � L��x�Lÿ�x� � l12C
F��x�Fÿ�x��x� is=cR��xÿ is=cR��������������������

x� is=cs

p �������������������
xÿ is=cs

p : �40�

Therefore,

Lÿ�x� � l12C
�xÿ is=cR��������������������

xÿ is=cs

p Fÿ�x�;

L��x� � �x� is=cR��������������������
x� is=cs

p F��x�:
�41�

Substituting Eq. (41) into Eq. (33), the function D�x� can be obtained:

D�x� � ÿq=seÿixa

L��x� � ÿ
�������������������
x� is=cs

p
�x� is=cR�

q=seÿixa

F��x� : �42�

Through CauchyÕs integral formula, we obtain

D��x� � 1

2pi

Z
C�

D�z�
zÿ x

dz � ÿ q
s

1

2pi

Z
C�

�����������������
z� is=cs

p
�zÿ x��z� is=cR�

eÿiza

F��z� dz

( )
; �43�

where Cÿ is the closed counter-clockwise contour enclosing the branch points �is=cd and� is=cs, and C� is
the closed counter-clockwise contour enclosing the branch points ÿis=cd andÿ is=cs.

Thus, we can show that W �x�� 0, and using equation (35), we can readily obtain R��x� and Uÿ�x�. We
only give R��x� here:

R��x� � ÿD��x�L��x� � q
s

F��x�
2pi

�x� is=cR��������������������
x� is=cs

p Z
C�

�����������������
z� is=cs

p
�zÿ x��z� is=cR�

eÿiza

F��z� dz: �44�

Fig. 3. Branch cuts in the f-plane.
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5. Stress intensity factor

To ®nd the stress intensity factor, an asymptotic expression for the shear stress near the crack tip is
sought. A well-known result relating asymptotic expressions between a function and its Fourier transform
(Abelian theoremÕs, Noble, 1958) is

lim
x!0�

���
x
p

s���x; s� � lim
x!�1

eÿip=4

����
x
p

r
R��x�: �45�

Thus, the usual de®nition of the stress intensity factor gives

K�II�s� � lim
x!0�

��������
2px
p

s��x; s� � lim
x!�1

eÿip=4
������
2x
p

R��x� � lim
x!�1

U�x�;

U�x� � eÿip=4
������
2x
p

R��x�:
�46�

As x! �1, U�x� becomes

U�x� � ÿ
���
2
p

q
s

eÿi=4

2pi

Z
C�

�����������������
z� is=cs

p
�z� is=cR�

eÿiza

F��z� dz: �47�

By making z � is1, Eq. (47) becomes

U�x� � ÿ
���
2
p

q
s1=2

1

2pi

Z
C�

�����������������
1� 1=cs

p
�1� 1=cR�

es1a

F̂��1�
d1 as x! �1: �48�

Thus,

K�II�s� � ÿ
���
2
p

q
1

2pi

Z
C�

g�1�d1

� �
; �49�

where

g�1� �
�����������������
1� 1=cs

p
�1� 1=cR�F̂��1�

es1a

s1=2
:

Note that g��1� � g�1�, and g�1� ! 0 as 1j j ! 1 in the left-half plane. Also, note that F̂��ÿ1� � F̂ÿ�1�.
Consequently, Eq. (49) can be written as the real integral

K�II�s� � ÿ
���
2
p

q
1

p

Z ÿg�

ÿ1=cd

Im�g�g��dg

( )

�
���
2
p

q
p

Z g�

1=cd

Im

�����������������
1=cs ÿ g

p
�1=cR ÿ g�F̂ÿ�g�

eÿsga

s1=2

 !
dg; �50�

where g� is a positive real number.
Applying the inverse Laplace transform to K�II�s�, using the convolution formula and letting g�a � t, the

stress intensity factor KII�t� can be written as follows:

KII�t� � ÿq
����������
2=pa

p (
ÿ 1

p

Z t=a

1=cd

Im

�����������������
1=cs ÿ g

p
�1=cR ÿ g� ���������������

t=aÿ g
p

F̂ÿ�g�

 !
dg

)
: �51�

The integrand of Eq. (51) has a ®rst-order singularity at 1 � 1=cR and branch points at 1 � 1=
cd; 1 � 1=cs and 1 � 10 � t=a, which is shown in Fig. 4. Here, pay attention to those points at
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1 � 1=cd; 1 � 1=cs; 1 � 10 � t=a and 1 � 1=cR, which are critical of the integrand of Eq. (51) as shown in the
Fig. 4.

For t=a < 1=cd, no waves generated by the applied loads have arrived at the crack tip, hence, the stress
intensity factor KII�t� is identically zero.

For 1=cd < t=a < 1=cs, a direct evaluation procedure for the stress intensity factor KII�t� cannot be
applied to the integral. It has to be obtained by numerical evaluation.

For t=a > 1=cs, the integrand of Eq. (51) is analytic in the entire f-plane cut along 1=cd < Re�f� < t=a,
Im(f)� 0, except for the pole point at 1 � 1=cR. In this case, the path of integration can be closed around
the right side of the branch cut shown in Fig. 4. The integral (51) takes the form

KII�t� � ÿ q
���
2
p

2pi
������
pa
p

I
C�10�

�����������������
1=cs ÿ 1

p
�1=cR ÿ 1�

1���������������
t=aÿ 1

p 1

F̂ÿ�1�
d1; �52�

where C�10� denotes a closed counter-clockwise contour embracing the branch cut of the integrand.
CauchyÕs integral formula can now be applied to show that the value of the integral in Eq. (51) is equal to
the value of the integral taken along a closed counter-clockwise circular path of inde®nitely large radius,
(X), in f-plane shown in Fig. 4. Therefore,

KII�t�
ÿq

���
2
p

=pa
� 1ÿ

�1=cRÿ1=cs�1=2

�1=cRÿt=a�1=2 F̂ÿ�1=cR�
if 1=cs < t=a < 1=cR;

0 if t=a > 1=cR:

(
�53�

The ®rst term on the right-hand side of Eq. (53) is the contribution from the closed contour of the large
radius and the second term is the residue contribution. In addition, the ®rst term in Eq. (53) is the cor-
responding static solution for a semi-in®nite crack under shear concentrated forces applied on its faces,
KII�t� � ÿq

����������
2=pa

p
.

6. Results and discussion

Using Eqs. (52) and (53), the stress intensity factor KII�t� can be calculated. The computed results are
shown in Figs. 5±8 for several materials, and the mechanical properties (Schwartz, 1997) used for the

Fig. 4. Branch cuts in the f-plane and integral path.
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analysis are given in Table 1. The following tips should be taken into account when performing the nu-
merical evaluation of the integral in Eq. (51).

(1) Theoretically, R�x; s� in Eq. (26) can include either the factor
����������������������
x2 � s2=c2

d

p
or

����������������������
x2 � s2=c2

s

p
, and we

should have F̂ �1� � 1 as 1!1. However, experience shows that if the factor
����������������������
x2 � s2=c2

d

p
is selected in

R�x; s�, it is di�cult to numerically make F̂ �1�� F̂��1�F̂ÿ�1� at points in the regions close to [1=cd,1=cs] and
[ÿ1=cs, ÿ1=cd], where F̂ �1�; F̂ÿ�1� and F̂��1� are, respectively, calculated using Eqs. (37) and (38). This is
true even though F̂ �1� � 1 and F̂ �1� � F̂��1�F̂ÿ�1� at points very far from [1=cd; 1=cs] and [ÿ1=cs;ÿ1=cd].
For the problem with concentrated normal loads (Rubio-Gonzalez and Mason 1998c), the factor����������������������

x2 � s2=c2
d

p
should be selected in R�x; s�, while the factor

����������������������
x2 � s2=c2

s

p
should be selected in R�x; s� for the

problem in this paper; otherwise, there may be large errors in the calculations.
(2) It is best to adopt the formula F̂ÿ�1� � F̂ �1�=F̂��1� to indirectly calculate the values of F̂ÿ�1� along

[1=cd,1=cs] because F̂ÿ�1� is not analytic along [1=cd,1=cs]. At 1 � 1=cR, the value of F̂ÿ�1=cR� can be directly
obtained by using Eq. (39).

The numerical results presented correspond to isotropic and orthotropic materials. Properties of
transversely isotropic materials with ®bers parallel and perpendicular to the x-axis are considered in the
orthotropic case.

For isotropic materials, as mentioned in Rubio-Gonzalez and Mason (1998c), note that the mechanical
parameters make c1 � c2, and further lead to b � 1 and R�x; s� not de®ned. Consequently, in order to
obtain the results for the isotropic case from the orthotropic formulation, we let E1 � E, E2 � �1ÿ e�E,
m12 � m23 � m and l12 � E2=2�1� m�, where E and m correspond to the isotropic properties and e is a small
quantity with e� 1.

Fig. 5 shows KII�t� for an isotropic material in the plane-strain case. The normalization factor is the long
time limit KII�1� � ÿq

����������
2=pa

p
and the normalized time is cdt=a. The behavior illustrated in Fig. 5 is as

expected from the surface displacements in the calculated solution of LambÕs problem, where a concen-
trated shear load is applied on a half space (Chao, 1960). Horizontal displacements on the surface, gen-
erated by the point load, arrive at the crack tip with the arrival of the dilatational wave causing a rapid
increase in the stress intensity factor. In addition, the results in Fig. 5 are very similar to that of the problem
in Rubio-Gonzalez and Mason (1998b), before the arrival of the second dilatational wave, shear wave and

Fig. 5. Stress intensity factor history in an isotropic material under concentrated shear loads.
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Rayleigh wave, where a ®nite crack in in®nite orthotropic body is impacted by two pairs of concentrated
shear loads. After the arrival of the dilatational wave, a rapid increase in KII�t� is observed, and then the
stress intensity factor gradually decreases until the shear wave front arrives at t � a=cs. Thereafter, the
stress intensity factor decreases rapidly to a negative square root singularity at t � a=cR, which is the instant
of the arrival of the Rayleigh wave traveling along the crack faces from the point of application of load. For
time t > a=cR, the stress intensity factor takes on the constant value ÿq

����������
2=pa

p
, which is the equilibrium

stress intensity factor for the speci®ed loading. Obviously, the dilatational wave has an important e�ect on
KII�t� under applied concentrated impact shear loads, unlike applied concentrated impact normal loads

Fig. 6. Stress intensity factor history in graphite epoxy under concentrated shear loads.
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where the dilatational wave has a minimum e�ect on KI�t� (Rubio-Gonzalez and Mason, 1998a,c). The
stress intensity factor for an isotropic material in the plane-stress case is identical to the plane-strain case
except for di�erences in the dilatational wave speed.

Fig. 6(a) and (b) shows the stress intensity factor history for a graphite±epoxy composite in the plane-
strain state with ®bers parallel to the x-axis and y-axis, respectively. Both ®gures are similar to the results
for the isotropic material shown in Fig. 5, except that there is a more uniform plateau from t � a=cd to
t � a=cs and a steeper drop at t � a=cR. In Fig. 6(b), the plateau is lower than in Fig. 6(a) and the duration
of the plateau is longer due to the dramatic di�erence in cd for these two cases. The Rayleigh wave speeds
are approximately the same; the shear wave speeds are exactly the same.

As expected, the behavior illustrated in Fig. 6(b) is the same as that for the corresponding case of Rubio-
Gonzalez and Mason (1998b) before the second set of waves arrives crack tip. The behavior illustrated in
Fig. 6(a) cannot be directly compared with that of the corresponding case of Rubio-Gonzalez and Mason
(1998b) because in that work the second dilatational wave arrived at the crack tip before the arrival of the
®rst shear wave and Rayleigh wave leading to very di�erent loading conditions. To the knowledge of the
authors, this is the ®rst presentation of results for this case that are not disturbed by re¯ected or secondary
waves.

Figs. 7 and 8(a) show the stress intensity factor history for the E-glass epoxy and boron epoxy com-
posites in the plane strain state, respectively. In both the cases, the ®bers are oriented along the x-axis. Figs.
7 and 8(a) are very similar to Fig. 6(a). Fig. 8(b) shows the singularity at t � a=cR more clearly. The sin-
gularity can be quite di�cult to capture using the method of Rubio-Gonzalez and Mason (1998b) because
the shear and Rayleigh wave speeds are nearly equal. Here, Eq. (53) gives KII�t� explicitly.

7. Conclusions

(1) For impact concentrated shear loads on a semi-in®nite crack in an orthotropic material, the arrival of
the dilatational wave at the crack tip makes an important contribution to the dynamic stress intensity factor
KII�t�, unlike in mode I loading, where dilatational wave had a minimum e�ect on KI�t�.

Fig. 7. Stress intensity factor history in E-glass epoxy under concentrated shear loads.
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(2) The long time value, KII�1� � ÿq
����������
2=pa

p
, is independent of the mechanical properties of the or-

thotropic material, however the curve shape and magnitude of KII�t� from t � a=cd to t � a=cR is very
dependent on the mechanical properties of materials.

(3) From the results given here for an isotropic material and orthotropic materials, we can conclude that
the normalized KII�t� from t � a=cd to t � a=cR is less than 1 except at a singularity at t � a=cR. In addition,
under similar conditions, when ®bers are parallel to the crack direction KII�t� is generally greater than when
the ®bers are perpendicular to the crack direction.

Fig. 8. Stress intensity factor history in boron epoxy under concentrated shear loads.
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(4) Finally, the method outlined here can easily be extended to solve the problem of a semi-in®nite crack
under more general impact shear loads on the faces of a semi-in®nite crack. Alternatively, the solution
presented here can be used as a GreenÕs function to solve more general problems. Both methods should
yield the same results.
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Table 1

Mechanical properties used for the analysis

Isotropic material Graphite epoxy E-glass epoxy Boron epoxy

E1�Gpa� 200 156.75 45 207

E2�Gpa� 200 10.41 12 19

m12 0.3 0.31 0.19 0.21

m23 0.3 0.49 0.19 0.21

l12�Gpa� 76.92 7.07 5.5 6.4

q�Kg=m
3� 7840 1580 2100 1990
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